We provide physical interpretation for the four parameters of the stationary Lewis metric restricted to the Weyl class. Matching this spacetime to a completely anisotropic, rigidly rotating, fluid cilinder, we obtain from the junction conditions that one of these parameters is proportional to the vorticity of the source. From the Newtonian approximation a second parameter is found to be proportional to the energy per unit of length. The remaining two parameters may be associated to a gravitational analog of the Aharanov-Bohm effect.
Introduction
Lewis stationary vacuum metric [1] is usually presented with four parameters [2] without being given a specific physical interpretation unless matched to a particular source. Here we shall provide physical interpretation for the four parameters characterizing the Lewis metric, when the source consists of a general rigidly rotating anisotropic fluid cylinder.
The Lewis metric solution of Einstein's equations can be split into two families called Weyl class and Lewis class. Here we shall restrict our study to the Weyl class where all four parameters appearing in the metric are real. For the Lewis class these parameters can be complex.
Matching the Weyl class metric to a cylindrical fluid, from the junction conditions one of the parameters is found to be proportional to the vorticity of the source. Examination of the Newtonian limit shows that a second parameter is proportional to the energy per unit length, also in the same limit a third parameter appears as the arbitrary constant potential which is always present in the Newtonian solution. Finally the fourth parameter, together with the first, is found to be responsible for the non-staticity of Lewis metric and has to vanish when the vorticity of the source tends to zero if one wishes to recover the Levi-Civita static vacuum metric [3] , in that limit. Additionally these two last parameters may be related to a gravitational analog of the Aharanov-Bohm effect.
The physical properties of solutions of the Einstein's equations are not obvious from a given metric tensor, in part due to the coordinate arbitrariness in general relativity. Using an approach borrowed from the equivalence problem [4, 5] , and based on the Cartan scalars, we shall study the local properties of the Lewis spacetime. It is demonstrated that the Weyl class metric is indistinguishable of the Levi-Civita metric from the curvature point of view.
However we show that they are topologically different.
The paper is organized as follows: in the next three sections we give the notation and the spacetime at both sides of the boundary of the source. In section 5 we introduce the Cartan scalars technic and apply it to investigate the local properties of the Lewis metric. In section 6 the junctions conditions are discussed. The Newtonian approximation is presented in section 7, together with a discussion about the gravitational Aharanov-Bohm effect. In section 8 we present a conclusion. Three appendixes are added, at the end, for the Ricci and Riemann tensor components and the algebraic invariants of the Riemann tensor. These quantities are calculated for the metric that we shall study.
Spacetime
The spacetime we describe by the general cylindrically symmetric stationary metric
where f , k, µ and l are functions only of r, and the ranges of the coordinates t,z and ϕ are
the hypersurfaces ϕ = 0 and ϕ = 2π being identified. The coordinates are numbered
3)
The metric (2.1) has to satisfy Einstein's field equations,
given in its usual notation. The non zero components of the Ricci tensor R µν for (2.1) are given in the appendix A.
The spacetime is devided into two regions: the interior, with 0 ≤ r ≤ R, to a cylindrical Σ surface of radius R centered along z; and the exterior, with R ≤ r < ∞.
Exterior spacetime
The exterior spacetime is filled with vacuum, hence Einstein's equations (2.4) reduce to
The general solution of (3.1) for (2.1) is the stationary Lewis metric [1] given in reference [2] notation,
with
The constants a, b, c and n can be either real or complex, the corresponding solutions belong to the Weyl class or Lewis class, respectively. Here we restrict our study to the Weyl class.
The transformation [7] 
casts the metric (2.1) into
This is locally the Levi-Civita metric. Nevertheless, since ϕ = 0 and ϕ = 2π are identified, τ defined in (3.7) attains a periodic nature unless b = 0 [7] . On the other hand, the new coordinateφ ranges now from −∞ to ∞. A more detailed accounting on this subject can be found in Stachel [8, 9] . In order to globally transform the Weyl class of the Lewis metric into the static Levi-Civita metric we have to make b = 0 and c = 0. Note that in this case, from the transformations (3.7) and (3.8), τ andφ become respectively true time and angular coordinates.
Hence we can say that b and c are responsible for the non-staticity of this family of solutions in the Lewis metric.
Interior spacetime
The interior spacetime is described by a cylinder filled with stationary anisotropic fluid, hence the energy momentum tensor T µν is given by
where ̺ is the energy density, P r , P z and P ϕ are the principal stresses, and u µ , K µ and S µ are four vectors satisfying
Considering the source under rigid rotation and choosing the coordinates in a comoving frame, we obtain for u µ , K µ and S µ using (2.1) and (4.2 − 3)
Calculating the energy momentum tensor (4.1) using (2.1) and (4.4 − 6) we obtain that the non null components are
We observe that T 3 0 = 0, hence the corresponding component of Einstein's field equations
where we used (A.2). Integrating (4.8) we obtain
where α is an integration constant.
The vorticity tensor ω αβ of the matter inside the cylinder is given by
With (2.1) and (4.4) we obtain the non null components of (4.10)
The vorticity vector W α is
and with (2.1), (4.4) and (4.11) we obtain
Now calculating the magnitude of W α from (4.13) and considering (4.8) we have
(4.14)
Hence we see from (4.14) that ξ measures the vorticity of the cylinder.
Althought we did not solve all the interior field equations for the general source (4.1)
it can be easily shown that solutions exist. In fact Krasiński [10, 11, 12] found a complete set of solutions of the field equations for a perfect fluid source and matched his solutions to the corresponding exterior solutions [13] . Another and well known interior solution is that due van Stockum [14] , with vanishing pressure. In this particular case the expression for the vorticity (4.14) reduces to the correspondent Bonnor result [7] where his a is equal − ξ 2 .
Cartan scalars
In this section, the equivalence problem and its solution due to Cartan [4] and Karlhede [5] are presented. We show how it leads to the Cartan scalars and to a local characterization of spacetimes. At the end of this section we apply this approach to the Weyl class metric
The equivalence problem consists of deciding whether a coordinate transformationx a = x a (x) exists which takes a metric g ab (x) into another metricg cd (x The practical algorithm for calculating the Cartan scalars was developed by Karlhede [5] . Here we present a summary (for recent reviews see, for instance [5, 16, 17] ). Such an algorithm could have, in principle, 11 steps, from the 0 th order derivative up to the 10 th .
This number can be thought of as related to the 6 Lorentz transformations, the 4 coordinates of the spacetime and one integrability condition. At each order of derivation, the frame is fixed up to the isotropies of the Cartan scalars calculated until this order. At each order, the number of the functionally independent functions of the coordinates among this set of Cartan scalars is also found. How to fix the frame and how to find the independent functions are explained in, for instance, [16, 18] . There will be a moment when no new information for fixing the frame and no new functionally independent function of the coordinates are found.
At this point, no new derivatives are necessary [4] and the set of Cartan scalars is complete, in the sense that they are necessary and sufficient for deciding the equivalence problem.
Since the Cartan scalars are sufficient for deciding about the equivalence of metrics, they contain all local information about a metric and provide a local characterization of a spacetime. Nevertheless, global properties, such as topological deffects, would probably not appear in the Cartan scalars.
The Cartan scalars can be calculated by using the computer algebra system SHEEP [19] , the program CLASSI [20] and their interface with REDUCE [15] . The practical implementation of the algorithm works with spinors rather than tensors, since symmetries are better handled in this way. MacCallum andÅman [21] found a minimal set of algebraically independent Cartan scalars in the spinorial formalism which, for vacuum solutions, as is the case of the Weyl class metric, are, until the first order: where Ψ A is the Weyl spinor and ∇Ψ AB ′ is the first symmetrized covariant derivatives of Ψ A [15] .
In order to calculate the Cartan scalars for the Weyl class metric (3.2-5), we chose the following Lorentz tetrad:
Since the Cartan scalars are calculated in the spinorial formalism, a null frame must be used, which we define from the above by
Following the usual technics [5] , we find that the standard null frame is given by the
( 5.3)
The correspondent standard Lorentz frame can be found from this one using (5.2), which
gives:θ
In the standard null frame, the Cartan scalars are found to be
Since no new information appears in the first derivative, it is not necessary to find the second derivative. From the Cartan scalars, we can find that the metric is Petrov type I and therefore has no isotropy group and that it has a 3 dimensional isometry group, since the Cartan scalars present a single functionally independent function of the coordinates.
From the Cartan scalar we see that only the parameter n helps to curve the spacetime for the Weyl class metric. Hence, it can be showed that the Cartan scalars for the LeviCivita metric (3.9) are identical to those of the Weyl class of the Lewis metric. Therefore, from the curvature point of view, Levi-Civita static metric (3.9) and the Weyl class stationary metric are indistinguishable, which confirms the coordinate analysis of the end of the section 3. However, as it will be shown below, these two metrics posses very different topological behaviour.
Junction conditions
On the surface of discontinuity Σ, r = R, the junction conditions are those of Darmois [22] , namely, that the first and second fundamental forms have to be continuous. Choosing the same coordinates for the exterior and interior spacetimes these conditions become
where the indexes − and + stand for the interior and exterior spacetimes respectively.
At r = R considering (3.2-6), (4.9) and (6.1-2) we obtain
Hence, from (6.3) and (4.14) we have that the constant c in the Weyl class metric measures the vorticity of the source described by a rigidly rotating anisotropic fluid cylinder. For the particular case of the null pressure Bonnor's result [7] is recovered.
7 Newton limit and Ahanarov-Bohm effect
In the Newtonian limit, the vorticity term is negligible, then from (6.3) c ≈ 0, and calling
then U is
where σ is given by σ = 1 4 (1 − n) . The metric (3.2-6) has infinite curvature, according to the Cartan scalars (5.5-8), only at r = 0 for all n except n = ±1, i.e., σ = 0 and 1 2 according to (7.3) . Thus the Weyl class metric has a singularity along the axis r = 0, then we can say that this spacetime is generated by an infinite uniform line source for densities 0 < σ < Considering the static limit for the Weyl class metric when n = 1 (σ = 0) and b = c = 0 we have from (2.1)
giving rise to a locally flat spacetime. In this case (7.4) represents the spacetime generated by a string along the axis of symmetry with linear energy density λ given by [25] 
being a > 1. Hence the constant a is directly linked to the gravitational analog of AharanovBohm effect [26] . This effect shows that gravitation depends on the topological structure of spacetime giving rise to an angular defficit δ equal to Considering c = 0 and n = 1 (σ = 0) in (2.1) we have from (3.2-6) and (3.8)
producing a locally flat spacetime. In this case (7.7) represents the exterior spacetime of a spinning string along the axis of symmetry [27] with the same linear energy density λ given by (7.5) and angular momentum J given by
being a > 1.
As it has been recently shown [27] , a quantum scalar particle moving around a spinning cosmic string as given by (7.7), exhibits a phase factor proportional to J, in its angular momentum. An evident reminiscence of the Aharanov-Bohm effect. It is also worth mentioning that even if b = 0, an Aharanov-Bohm like effect (of a different kind) appears (as commented in the static case), since the angular momentum spectrum differs from the usual one, if only a > 1.
Conclusion
We obtained physical interpretations for the four real parameters n, a, b, c appearing in the Lewis metric (3.2-5) for the Weyl class.
The parameter n is associated to the Newtonian mass per unit length of an uniform line mass when it produces low densities.
The parameter a is connected to the constant arbitrary potential that exists in the corresponding Newtonian solution. In the static and locally flat limit of the Weyl class when a > 1 it produces a linear energy density along a string, being linked to the gravitational analog of the Ahanarov-Bohm effect. This effect demonstrates that gravitation depends on the topological structure of spacetime.
The parameter b, as we showed, is associated, in the locally flat limit, with the angular momentum of a spinning string generating one kind of the gravitational Aharanov-Bohm effect.
The parameter c is produced by the vorticity of the source of the Weyl class metric when it is represented by a general stationary completely anisotropic fluid. This parameter, together with the parameter b, is responsible for the non-staticity of the Weyl class metric.
We proved too, using the Cartan scalars, that only n helps to curve spacetime locally and that the three parameters a, b, c only influence the topological structure of spacetime.
As a consequence, the stationary Lewis metric for the Weyl class is indistinguishable locally from the static Levi-Civita metric as far as the curvature of spacetime is concerned.
Appendix A
The non zero components of R µν for the metric (2.1) in the Van Stockum's notation [3] are 6) where the primes stand for differentiation with respect to r and
The four equations (A.1 − 4) are not all independent, any one of them can be expressed in terms of remaining three.
